MATH 126 Quiz Seven Solutions SPRING, 2008

1 2 3
Consider the matrix A = | 2 . Something is wrong with our printer, because we’re
4
missing some of the entries. We're told that one of the following matrices (which our printer
has also misprinted) is actually the inverse matrix A~!. Decide which matrix is actually A~
Justify your answer with some computations.

5 6 3 5 4 =3 5> 4 3
B= 10 C=110 D=1-8
-8 -8 10

Solution: If our printer wasn’t broken, we could do this by simply computing A~!, then pick
the answer from the list. This is much more work, however, than we really need to do.

The main property of the inverse A1 is that AA™' = I and A™'A = I. Because of the
missing entries in our matrices, we can only compute the (1, 1) entry (the entry in row 1 and
column 1) of the products AB, AC, and AD, as well as BA, CA, and DA. We do this and
find that C' is the only possible inverse for A.

Here are the computations:

ABapy =11 2 3] |10 =1-5+2-10+3--8=5+20—-24=1,

ACuny=1[1 2 3] |10| =1-5+2-10+3--8=5+20—24 =1,

ADuy=[1 2 3] |-8| =1-542--8+3-10=5—16+ 30 = 19.

Similarly,

1
BAan =[5 6 3] |2 =5-1+6-2+3-4=5+12+12 =29,
4

CAapy =100 4 -3 =5-144-24-3-4=5+8—12=1,

=~ N =

1
DAany=1[5 4 3] |2| =5-1+4-243-4=5+8+12=25.
4



Thus the only one with a 1 in the (1,1) position of both multiplications is C. Thus C' must
be the inverse.

In particular, we can see that B and D are not the inverse of A. For example, B is not A~}
because

5 6 31|11 2 3 29 x % 100
BA= |10 % %| |2 % x| =|x% *x x| # [0 1 0],
—8 x x| |4 * % * k% 0 01
where * symbolizes an entry we don’t know. Similarly,
1 2 3 5 4 3 19 *x x 100
AD =2 % x| |[-8 % x| =% % x[#]|0 1 0
4 *x % 10 * 0 0 1

Since the entry in the first row and first column of AA™! (and A~'A) must be 1, neither B
nor D can be A™L,

7 . . .
i ¢ have an inverse? Explain your reasoning.

For what values of ¢ does the matrix A = {

Solution: This problem is very simple if we remember that the inverse of [CCL 2] is

ad —bc |—c a
In our case, this means A has an inverse precisely when 2(c) — 7(4) # 0, or ¢ # 14.

1 _
[ d whenever ad — bc # 0. This matrix has no inverse when ad — bc = 0.

Even if we don’t remember the formula for the inverse of a 2 x 2 matrix, we can still compute
the inverse using elimination (or row reduction). Let’s see when this works:

2 711 0
=15 b
_[135]05 0 Ry = ir
_4 c 0 1
_)'1 3.5 105 0
_0 c—14] -2 1 R2:T2—47’1
_}'1 3.5 05 0 ]
U _c—214 ﬁ RQ:ﬁ'TQ

We could continue, but it should be clear that this will work (we have two pivots — one in each
row, one in each column). The only thing that might have gone wrong is that we divided by
¢ — 14. So as long as ¢ # 14, we’ll get an inverse. Moreover, if ¢ = 14, we don’t get a second
pivot, so there is no inverse. Thus we get the same answer as before: the matrix A has an
inverse provided ¢ # 14.



Solve the following system by finding the reduced row echelon form of the associated
augmented matrix. If there is no solution, say that the system is inconsistent.

ZL‘1—|—2[L’2 — Xy = 6
21’1+5I2+ T3+ T4 = 0

3x1 + 629 + 223 + D1y = —2
Note:
e You must show the details of your computation to receive full credit!

e You must put the matrix in reduced row echelon form, not simply row echelon form!

Solution: We begin by turning this into an augmented matrix; it becomes

1 20 -1} 6
251 11 0
3 6 2 5|2

We will perform our elimination, noting the steps taken to the right:

120 —-1]6 (1 2 0 —-1] 6
251 110 — (0 1 1 3 |-12 Ry =19 — 21
36 2 5 |2 00 2 8 |-20 | Rs =173 —3r

120 1] 6
— 011 3|-12
001 4/[-10] Ry=

1 20 —-1] 6
e 01 0 -1 —2 RQZTQ—T’g
001 4|10 ]

-7"‘3

N

1 00 1 10 i R1:7’1—27’2
— (0 1 0 —-1| -2
001 4/]-10 ]

This augmented matrix (now in reduced row echelon form) corresponds to the linear system
T + x4 = 10
i) — Xy = -2
r3 + 4ZL’4 =-10
This system has solution
xry = 10 — Ty
Ty = —2+ 124
r3 = —10 — 41‘4

Ty = T4.

(1, 29,3, 24) = (10 — x4, —2 + x4, —10 — 4y, x4) or



