MATH 126 OLD FINAL EXAM SOLUTIONS SPRING, 2008

Find the area bounded by the curves y = x+2 and
y = 2% — 622 +4x+12. The curves are graphed to
the right. You may assume that the two curves
intersect when x = —1, when x = 2, and when
T = 5.

][1
Solution: The area between two curves from x = a to x = b is, remember,

b
Area = / ( top curve — bottom curve ) dx.
a

Here the cubic is the top curve from x = —1 to x = 2, but the line is the top curve from x = 2 to
x = 5. Thus we must integrate in two pieces:

2 5
Area:/ ((2° — 62° + 4z + 12) — (2 + 2)) das+/ ((z+2) — (2° — 62° + 4z + 12)) dx
-1 2

2 5
:/ (z° — 62* + 3z + 10) dx—l—/ (—2* + 627 — 3z — 10) dx.
-1 2

We perform this integration:

1 4 3,3 9 ? 1 4 3 3 9 °
Area=( -2 —22° + -z + 10z + | —=z" +22° — =2 — 10z
4 2 4 4 2

2

_ <31(2)4 _ 22 4 2(2)2 + 10(2)) - <i(_1)4 C (1Y 4 g(—1)2 + 10(_1)>

+ <—i(5)4 a5y — %(5)2 _ 10(5)> - (—i(2)4 +2(2) - %(2)2 - 10(2)>

1 3 625 75
:(4—16+6+2O)—(4+2+2—10>+<—4+250—2—50>—(—4+16—6—20)
25 25
- (—2) 4+ 2 (14
(4)+4 (—14)

81
= — =140.5.

2 0.5

This is our answer.
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Let X be a continuous random variable on 0 < x < 2, with probability density function f(z) = ka?.

(a)

Compute the value of k that makes f(x) = kz? a probability density function.

Solution: Recall that a function f(x) on a domain a < z < b is a probability density function
if f(z) > 0 and the integral of f(z) from x = a to x = b is 1. The first fact simply says that
k > 0; the key fact is the second one, that the integral of the probability density function must

be 1. That is,
2
/ kx? dx = 1.
0

2 3 3
2 0 8
=k({——— )=k --.
0 <3 3> 3

This will allow us to solve for k:

2 3
1:/ ka? do = k2
o 3

Thus k = %3 = 0.375.
Compute P(1 < X < 1.5)

Solution: This probability is the definite integral of the probability density function from

r=1tox=1.5:
1.5 3
3
P(1§X§1.5):/ O %

3
de = 2.
. 8" TR

1.5 3 3
3 /15 1 19
2 (22 ) Z 2 996875
. 8<3 3> 64

Thus this probability is about 29.69%.

Compute P(X < 1)

Solution: The difference between this part and part (b) is that there is no explicit lower limit
given in P(X < 1). Since our probability density function f(z) is defined on 0 < X < 2,

this probability is the same as P(X < 1) = P(0 < X < 1). Now this is the same sort of
computation as in part (b):

3 &
=22 =

0

Thus P(X <1) =12.5%.
Compute E(X), the expected value of X.

Solution: Recall that the expected value E(X) for a continuous random variable X with
probability density function f(z) on a < x <bis

b
E(X)—/ xf(x) dz.

Thus, in our case, the expected value is

2 2 4
E(X):/x'3x2dx:3/ a:gda::§x—
o 8 8 Jo
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Doris is waiting for a Circle Link shuttle bus. She’s read on the web site that the buses run every
23 minutes. She decides to model the amount of time she must wait as random variable X with a
uniform distribution taking values from 0 to 23 minutes.

(a)

How long should Doris expect to wait for a bus? That is, what is the expected value of X7

Solution: Recall that the expected value E(X) for a continuous random variable X with
probability density function f(z) on a <z <bis

b
E(X):/ xf(x) dx.

A uniform distribution has probability density function f(x) = ﬁ. Here the interval a <z < b

is from a = 0 to b = 23 minutes. Thus f(a:):ﬁ: %, so the expected value is
23 23 223 2 2
1 1 1x 1 /23 0 23
E(X) = —dr = — dr=——| =—|——-—|=—=115.
(>/0x23$230$x2320 23<2 2) 2

Thus Doris’s expected wait is 11.5 minutes.

What is the probability that Doris must wait 20 minutes or more for a bus?

Solution: This is P(X > 20) or, equivalently, P(20 < X < 23) (since f(z) is defined on
0 < X < 23). Thus, as in the previous problem,

23 1

3
=—(23 —20) = — =~ 0.1304.
20 23( ) 23

23 1 1
P(20§X§23):/ —dr=—<x
o0 23 23

Thus roughly 13.04% of the time, Doris will have to wait at least 20 minutes for the bus.

Doris is running late and will only be on time for her exam if the bus arrives within 3 minutes.
What is the probability that a bus will arrive in 3 minutes or less?

Solution: This is P(X < 3) or, equivalently, P(0 < X < 3) (since, as in part (b), f(z) is
defined on 0 < X < 23). Thus, as in the previous part,

3
1 3
= —(3-0)=—=
o 2330 =5

31 1
PO<X <3 = —dr=—x

~ 0.1304.
o 23 23

Thus roughly 13.04% of the time, Doris will have to wait at most 3 minutes for the bus.
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A mechanic notices something about the cars that she works on. The mileage on the various cars
is approximately normally distributed with mean 80 thousand miles and standard deviation 20
thousand miles.

(a)

What is the probability that a randomly selected car (under the mechanic’s care) has between
60 and 100 thousand miles on the odometer?

Solution: If X is the normally distributed random variable of mileage on the cars, with mean
= 80 thousand miles and standard deviation o = 20 thousand miles, then we’re asked for
the probability P(60 < X < 100. As is usual with normal random variables, we write this
probability in terms of the standard normal distribution Z (with mean p = 0 and standard
deviation o = 1):

60 — 80 100 — 80

Z<— = )=P(-1<Z<1).
20 20

IN

P(60§X§100):P<

By the symmetry of the normal distribution, this is
P0<X<100)=P(-1<Z<1)=P(-1<Z<0)+P(0<Z<1)=2P(0<Z<1).
Now we look this value up on the table and find that
P60 < X <100) =2P(0< Z <1)=2(0.3413) = 0.6826.

That is, the probability that a car has between 60 and 100 thousand miles is roughly 68.26%.

If we say that a car is new if it has less than 15 thousand miles on it, then what percentage of
the cars this mechanic works on are new cars?

Solution: This question asks for P(X < 15), which as before we convert to a question about
the standard normal distribution Z:

15— 80

P(X<15)—P<Z< )_P(Z<—3.25).

By symmetry, this can be written as

P(X <15) = P(Z < —3.25) = P(Z > 3.25)
—=1- P(Z < 3.25)
=1-P(Z<0)—P(0< Z<3.25)
=0.5— P(0 < Z < 3.25).

This we can look up on the table: P(X < 15) =~ 0.5 — 0.4994 = 0.0006, or roughly 0.06%.

The mechanic overhears someone say that 90% of the cars he works on have less than 150
thousand miles on them. She’d like to compute a similar number — she’d like to be able to say
that 90% of the cars she works on have less than x thousand miles. What is x?

Solution: Now the question becomes, for what value of z is P(X < x) = 0.97 Again, we
translate this into the standard normal distribution to find P(X < z) = P (Z < %go) =
P(Z < z), where z = 289 So for what value of z is P(Z < z) = 0.9? The table were
given shows P(0 < Z < z), and since P(Z < 0) = 0.5 (by symmetry), we want to find z with
P(0<Z < z)=0.4 (since P(Z < z) = P(Z <0)+P(0 < Z < z)). To find this, we look at our
table. Alas, nothing on the table gives us a Z-value of precisely 0.4000. We can interpolate,

however, to find such a z:
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z 1.28 z 1.29
Z-value 0.3997  0.4000 0.4015

Often what’s done in this situation is we interpolate between 1.28 and 1.29 to find the z with
Z-value 0.4000:

Az 2—1.28 ~1.29-1.28 z—128  0.01
A Value  0.4000 — 0.3997  0.4015 — 0.3997 0.0003  0.0018"

Thus z = 1.28 + 090'818(0.0003) ~ 1.2817. Solving for = in z = ””5630, we get the following
possible values:

z x
1.28 105.6
1.2817 | 105.63
1.29 105.8

Thus we get an answer of around 105.6 thousand miles, and (roughly speaking) the answer is
always around 106 thousand miles.
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In parts (a) and (b), compute the integrals using any methods from the course:

(a)

/ x cos(6x) dz

Solution: Here we begin by making the substitution ¢ = 6x. This is not strictly necessary
(this will end up being an integration by parts problem), but it makes things a little cleaner.
Then x = Y5, and dx = é dt. Thus

t 1 1
= [ - S dt= — t) dt.
/ZL‘COS(6£L’) dz /6 cos(t) G dt 36 /tcos( ) d

Now we integrate this using the technique of integration by parts. That is, we let u = t and
dv = cos(t) dt, so du = dt and v = sin(¢). (Here u is chosen as the “problem” that is made
better by differentiation.) Using the integration by parts formula

/udv—uv—/vdu,

Thus we get (making sure we keep track of that pesky Y5¢)

1
/mcos(6:(:) dx = 3% /tcos(t) dt

316 (tsm(t) / sin(t) dt>

_ [t sin(t) — (— cos(t)) + K]
(tsin(t) + cos(t) + K)
5 (

6z sin(6x) + cos(6z) + K)

-5l sl 2

1
= g% sin(6x) + 3% cos(6z) + C,

where we’ve replaced the constant K/36 with the constant C.
/ 231 + 22 dx

Solution: This integral requires a substitution. Probably the simplest is simply u = 1 + 22,
so du = 2z dx or dxr = % du. Thus

/x3x/1+x2dx—/x3\/ﬁ-21mdU—;/x2\/ﬁdu.

We haven’t completely substituted u for x — this is usually a problem, but here we can solve
for 2 = u — 1. Thus

/Jﬂgmdx:;/:f\/ﬂdu:;/(u—l)ulﬂdu:;/(u?’/Q—ul/Q) du.
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This is now an easy integral:

1 1 1 1
3 2 _ 2t 3/2 1/2) _ (L 52 L 32
/:c V1422 de 2/(u U du 2(5/2u 3/2u —|—K)
=25Y a3t Ty
_Llosn 15, K
B L
1 1
:g(1+x2)5/2—§(1+x2)3/2+0,

where we have replaced the constant %/ with the constant C.

o /q 2 o0 q 2
(c) Is it true that / () dr = ( / - dx) ? Fully (mathematically) justify your answer.
1 T 1 T
Solution: The two expressions are different. Let’s compute each to see this.

First, we compute the integral on the left. This is an improper integral, so it is defined as a

limit:
o 7q 2 b
/ <) dr = lim x 2 dx
1 xT b—o00 1

Thus the left-hand side is 1.
The right-hand side is the square of an improper integral that doesn’t exist. We see this by
computing the integral as a limit:

o q bq b
/ —dr=lim [ =dz= lim In(z)] = lim (In(b) —In(1)) = lim In(b) = 4oc.
1

T b—oo J1 T b—o0 1 b—o0 b—oo

That is, the integral does not exist, and therefore its square does not equal 1 (the integral on
the left-hand side).
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@ Compute the inverse of each of the following matrices. If the inverse of a matrix does not exist,
explain how you know this.

@ [1 3]

Solution: This matrix has no inverse. One way to find the inverse of a 2 X 2 matrix is by the

formula 1
a b 1 d —b
c dl  ad—bec|—-c al’

For our matrix, ad —bc=1-2—-4- % = 0. This means that this matrix has no inverse.

The other way we know to find the inverse of a matrix A is to use elimination (row reduction)
to turn the matrix [ A | I ] into [ I | A' ]. If this is not possible, then there is no inverse. We
try to do this here:

1 4{1 0 1 4] 10

Lojo 1] 70 0|-L 1] Ro=ry—1

2 2 2 =T2 5T

Since there is a row of zeros to the left of the vertical line, there is no way we will be able to
continue the elimination to get the identity matrix. (Notice that our elimination is reversible,
so we can’t possibly reduce to the identity matrix.)

1 2 -1
(b) 0 1 0
27 —4r 2r+1

Solution: For a 3 x 3 matrix, the only way we know to find inverses is by row reduction. Thus
we’ll proceed as in the second method in part (a):

1 2 —-1/1 0 0 1 —-17 1 0 0
0 1 01 0|— 1 0] 010
-2 —4w 2x+1|0 0 1 |0 0 1(2r 0 1 | R3=r3+2mm
—1 -1 1 -2 0 R1:’I“1—27"2
— 1 0 1 0 10
|00 1|2r 0 1
(1 —1|27+1 -2 1 Ri=r1+rs
— | 0 1 0 10
|0 0 1 2r 0 1
2r+1 -2 1
Thus the required inverse matrix is 0 1 0
27 0 1
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Find all the values of @ and § so that the system

r + 3y — 2z = 5}
2¢ + 4y + 3z = -3
-z + y + az = f

(a) ...has a unique solution.

(b) ...has no solution.

(c) ...has infinitely many solutions.

Solution: To do this problem, we use elimination and see what happens. Let’s try elimination (or
row reduction):

13 -2| 5 1 3 -2 S
2 4 3| -3 i 0 -2 7 —13 R2 =T — 27“1
-1 1 « I} | O 4 a—2|06+5 Rs=r3+mr
(1 3 -2 5
— | 0 =2 7 —13

0 0 a+12|p5-21 R3 =173+ 2rs

13 -2 5
— 101 =35 | 65 Ry = L1y
00 a+l12|8-21

Now we’re stymied because we can no longer be sure we can divide by o+ 12. If we could divide by
a+ 12, then we’d get something that looks like

1 3 =2 )
01 -35| 65

5—21
00 1 oo

which has a unique solution. That is, if a # —12, the system has a unique solution.
Now suppose a = —12, so a + 12 = 0 and our system row reduces to
1 3 =2 5

01 -35| 6.5
00 0 |p-21

This last equation is 0x + 0y + 0z =  —21. Thus if 8 — 21 # 0, there are no solutions to this system.
If, on the other, 8 — 21 = 0, we have simply

13 -21]5
01 -35|65 |,
00 0 |0

which has infinitely many solutions. Thus we have the following answers:

(a) There is a unique solution if o # —12.
(b) There are no solutions if &« = —12 but § # 21.

(c) There are infinitely many solutions if « = —12 and § = 21.
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A population has a growth rate proportional to its size; that is,

dP
— =kP.
dt

Show how to derive the formula P (t) = Pye* from this differential equation.

Solution: The differential equation is both a separable differential equation and a first-order linear
differential equation. We will, naturally, solve this differential equation using the techniques for both
types of equations.

First, we consider the equation as a separable differential equation. We solve this, naturally enough,
by separating the two variables:

P

dP
s kP becomes 5= k dt.

Integrating both sides gives us
In(|P|) = kt+ K.

Exponentiating both sides gives us
P = MUPD — kHE _ ght K g p ekt
where C = +eX.

On the other hand, we can also treat the differential equation as a first-order linear differential
equation. We write this in the standard form

P —kP=0

—k)d

so the integrating factor is h(t) = el t = e~k We multiply the equation by this factor to get

e HP _ ke MP=0 o (e_ktP), —0.
Integrating both sides gives us
e Mp=C or P = Cekt,
as before.

Finally, we notice that P(t) = CeF* has initial value P(0) = Ce*? = Ce® = C. Thus C is the value
of P(t) at time t = 0, so we often call it Py. That is, P(t) = Pye**.
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[ 9 ] Solve the differential equation 3’ + y = e with initial condition y(1) = 2.

Solution: This is a first-order linear differential equation, so we must put it in standard form
y' + P(z)y = G(x).
We do this by dividing the entire equation by x:

;1 e’
y+-y=—
x x

Now we multiply through by an integrating factor h(x) = el P(@)dz  Here P(z) = Y., so the
integrating factor is
h(])) _ efP(m) dz _ 6f% dr _ eln(|:p\) -

(Here we’ve dropped the absolute value sign. Since the initial condition is y = 2 when =z = 1, we're
going to solve this equation for z > 0. Notice that £ = 0 causes a problem in out “divide by x”
step.) We multiply through by h(x) = = to get

x

1
T (y' + Y= 3:) or xy +y=e” or (zy) = e”.

Integrating both sides of this last equation gives us zy = e* + K, or
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A cup of coffee is purchased from McDonald’s and brought to the exam, where the room temperature
is 70° F. A quick measurement determines that the coffee is 180° F. We let the coffee cool for 5 minutes
and find that now the coffee temperature is 175° F. Assume that the rate at which the coffee cools
is proportional to the difference between the coffee temperature and the room temperature.

(a)

Write down the initial value problem describing this situation. That is, write down a differential
equation and an initial condition.

Solution: The last sentence of the description tells us how to write down the differential
equation. If we let T'(t) be the temperature of the coffee after ¢ minutes, then

T'(t) = k (T — 70).

(Here T"(t) is the “rate at which the coffee cools” and T'—70 is “the difference between the coffee
temperature and the room temperature.” The number k is the constant of proportionality.)
The initial condition is 7'(0) = 180 (that is, the temperature is 180° F when ¢ = 0 minutes).
There is another condition, 7'(5) = 175, that we will use in part (b) to find the constant of
proportionality k.

Find a formula for the coffee temperature as a function of time. Do this by solving the initial
value problem in part (a).

Solution: The differential equation we found in part (a) is both a separable differential
equation and a first-order linear differential equation. We will, naturally, solve the equation by
both methods.

dTr

First, we treat the differential equation as a separable differential equation. Write T"(t) as S

to get
dr dr
= — k(T —
7 E( 70) or T—70

We integrate this to get In(|T"—70|) = kt + K. Exponentiate both sides and we get
en(IT=700) — ht+K — okt . oK op T — 70 = C'e¥*. This gives us T = 70 4 CeFt,

Before we continue, we’ll now solve the differential equation as a first-order linear differential
equation. First we put it in the standard form

=k dt.

vy + P(z)y = G(z) or T' — kT = —70k.

The integrating factor for this equation is h(t) = e/ PO d — ef(=k)dt — o=kt g5 after
multiplying our equation by this, we get

!
e R — ke M = —70keH or (e_ktT> = —T70ke

Now integrating gives us e ™T = 70e~* + C, or (after multiplying through by e¥*), T =
70 + Ceft, as before.

Now we plug in the initial condition (7" = 180 when t = 0) to find that 180 = 70+Cek? = 70+C,
or C' = 110. Thus T'(t) = 70+110e**. We find the constant k by plugging in the other condition
we noted in part (a) (that is, that 7 = 175 when t = 5). We find 175 = 70 + 110e*, or
e = %5) = % Taking the natural log of both sides lets us find that £ = %ln(%) ~ —0.009304.
Thus 1 21 -

T(t) = 70 + 110e5 (32)! & 70 4 1100009304t
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(c) We'd like to drink the coffee when it is 135° F. How long will it take for the coffee to cool to
this temperature?

Solution: Here we’d like to solve the equation T'(t) = 135 for the time ¢. From part (b), this

equation is
65 13
135 = 70 + 110e5 (%)t o esl(B)t = =

Taking the natural log and solving allows us to find that

ln (13/22 )
In (*22)

Thus the coffee will be 135° F in about 56.54 minutes.

t=t ~ 56.5448 minutes.
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The following table relates the average daily temperature at different portions of a creek with the
elevation of that portion of the creek above sea level.

Elevation (kilometers):

2.7

2.8

3.2

3.5

Average Temperature (degrees Celsius):

11.2

10

8.5

7.5

(a) Show how to find a line of best fit using the method of least squares for the data in the table

above.

Solution: There are, as usual, two approaches to finding the best fit line y = max + b. The
first is the linear algebra approach, which involves looking at the system AT AX = ATY, where

2.7
2.8
3.2
3.5

X

1

1
11’ b
1

Then the linear system ATAX = ATY is

1

or

1 1

2.7 2.8 3.2 3.5} 2.8

2.7

1 3.2

2 -

37.62 12.2| |m
12.2 4 b

—_ = = =

1

|

1

111.69
37.2

[m} , and Y =

1 1

Y1
Y2

Yn

2.7 2.8 3.2 3.5]

11.2
10
8.5
7.5

11.2
10
8.5
7.5

(%)

On the other hand, we could also use the partial derivatives approach, from which we’ve learned
that the linear system to solve in order to find m and b is

Let’s compute with the data:

[ n
>
=1

n

L =1

W
>
i=1

_— -
§ TilYi
i=1

. .
>
L=t ]

1 2.7 11.2 7.29 30.24

2 2.8 10 7.84 28

3 3.2 8.5 10.24 27.2

4 3.5 7.5 12.25 26.25
Sum: 12.2 37.2 37.62 111.69
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We can then see the linear system is precisely that shown in equation (x). We solve this system
by using the inverse matrix to see that

m]  [37.62 12.2] ' [111.69
b 122 4 37.2

- (37.62)(4)1 —(12.2)2 [—142.2 ;712622] [1:{,;29}

1 [-7.08
"~ 1.64 |36.846] °

Thus our solution is m = —% = —%7 ~ —4.3171 and b = 3?:236 = 12‘21—33 ~ 22.4761. That is,

the least squares line is approximately y = —4.3171x + 22.4761.

Use the equation you just found to compute the average daily temperature for this creek at an
altitude of 4.2 kilometers.

Solution: This asks for us to simply find the average daily temperature y when the altitude
is x = 4.2 kilometers. We simply plug in to the equation we found in part (a) to get
Yy~ —4.3171(4.2) + 22.4761 ~ 4.3 C. (Notice that an answer with four digits, like y ~ 4.3354,
we need to keep more digits in b and, especially, m.)

The test was written with x = 3.2 instead of x = 4.2 kilometers. We changed this because
x = 3.2 is a data point, and one gets that y ~ 8.6524 C when x = 3.2 kilometers. This is
different than the data point (y = 8.5 when = = 3.2). Is this a problem? No, because the best
fit line does not necessarily pass through every, or even any, data point. All we’re saying is
that the model we have says that the temperature should be around 8.65 C at an altitude of
3.2 kilometers, not that this is the actual temperature. The picture below shows the four given
data points and the model line. As you can see, the line is close to the data points, but it does
not pass through any of them. (For example, as we have seen at x = 3.2 kilometers, the data
is a temperature of 8.5 C and line predicts a temperature of 8.65 C.)

15 -+

12 +

Temperature (C)

1 2 3 4
Elevation (km)
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Let f(x,y) = 32%y +y> — 322 — 3y + 2.

(a)

Find all the first and second partial derivatives fz, fy, fea, fyy, foy, and fy, of the function
f(@,y).

Solution: We compute the first derivatives. Recall that f, is the derivative of f(z,y) with
respect to x while treating y as a constant. Thus

fr=6xy+0—6x—0+0,

or f = 6zy — 6x. Similarly, f, = 322 + 3y* — 6y.
Second derivatives are similar. Recall that f,, = (fz) ,» the partial derivative of f, with respect
to y. Thus

foe =6y —6 fay = 62 fyz = 62 and fyy = 6y — 6.

Recall that f,, = fyz, so this is a good check to see that we’ve done this correctly.
Find all the critical points of the function f(z,y).

Solution: The critical points of f(x,y) are the common solutions of the two equations f, =0
and f, =0, or
6ry — 6x =0 and 322 + 3y% — 6y = 0.

The first equation factors into 6x(y —1) = 0, so x = 0 or y = 1. If x = 0, then the second
equation tells us that 3y?> — 6y = 0, or 3y(y —2) = 0, so y = 0 or y = 2. This gives us two
points: (x,y) = (0,0) or (0,2). On the other hand, if y = 1, then the second equation becomes
322 +3(1)2 = 6(1) = 0, or 22 = 1. Thus x = £1, so we have two more points: (z,y) = (1,1)
and (—1,1).

Classify each of the critical points you found in part (b) as a local maximum, a local minimum,
or a saddle point.

Solution: Recall that we use the discriminant
D = foafyy — fi, = (6y — 6)° — (62)° = 36 (—2® +y> — 2y + 1)

to classify each critical point as a local maximum, a local minimum, or a saddle point. We test
each point in turn.

(x,y) = (0,0): Here D = 36 > 0, so the critical point is either a local maximum or a local
minimum. Since f;, = 6(0) — 6 < 0, this point is a local maximum.

(x,y) =(0,2): Here D = 36 > 0, so the critical point is either a local maximum or a local
minimum. Since f;, = 6(2) — 6 > 0, this point is a local minimum.

(x,y) = (1,1): Here D = —36 < 0, so this critical point is a saddle point.

(x,y) = (—1,1): Here D = —36 < 0, so this critical point is a saddle point.
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Find a point on the line 3z + 4y = 5 that is closest to the point (0,0) using Lagrange multipliers.
Find this minimum distance.
Hint: It is easier to work with the square of the distance.

Solution: We wish to minimize the distance d between the origin (0,0) and the point (z,y), where
this point (x,y) is constrained to lie on the line 3z 4+ 4y = 5. This distance is

d= \/(:L‘—O)2+(y—0)2: Va2 + 2.

Using the hint, we will try to minimize

fla,y) =d* =a® + 47,
the square of the distance, rather than the distance itself. Our constraint is that (z,y) must lie on
the given line, so g(z,y) =3z +4y — 5= 0.

Now we proceed with the technique of Lagrange multipliers. That is, we form the new function
F(z,y,A) = f(z,y) + Ag(z,y)
=22 >+ A3z +4y —5).

The minimum of f(z,y) subject to the constraint g(x,y) = 0 will be a critical point of this function
F. Thus we solve the equations F, = 0, Fyy = 0, and F) = 0. We compute these derivatives:

F,=0=2z+4 3\ F,=0=2y+4\ and Fy=0=3z+4y - 5.

From the first two equations, we find A = —%x and A = —¥. Setting these equal gives us y = %"”. We
plug this into the last equation (which is, as usual, our constraint equation):

4 16 25
O:3$+4y—5:3x+4<;>—5:3$+3x—5:3x—5,

from which we find = %5. Since y = 4%, we then get y = %. Thus the point on the line 3z +4y = 5
closest to the origin is (3/5, 4/5). The minimum distance from the origin to this line is the distance
from the origin to this point (%5, 4/5), which is

() ()

Page 17 of 17



