MATH 126 ExAM ONE SOLUTIONS SPRING, 2008
For each of the following questions, show appropriate work to support your answers.

(a)

2
Find /39’3—’_6
223 + 122 — 1

Solution: For this problem we make the substitution u = 2z + 12z — 1, aiming to turn the
integral into a multiple of f% du. Thus du = g—z -dr = (6:c2 + 12) dx, and the key is that
622 + 12 = 2(322 + 6), which is twice the term in the numerator. That is, we can write the

integral as
/ 322 +6 d /3362—1—6 du / 1 du 1 [du
2 T dr = . = [ 2. 2= ==
223 + 122 — 1 u 2(322 +6) uw 2 2] u

This integrates to 3 In(|u|) + K. Writing this again in terms of z, we have

3224+ 6 1 3

3
Find/ 5xe” dx.
0

Solution: This integral requires integration by parts. We choose v = bx and dv = e dx, so
du =5 dx and v = e”. Thus we have (maintaining the limits of the definite integral as we go)

3 3 3
/5xexdx:u~v‘ —/vdu
0 0 0
3 3
—/ e’ -5dx
0 0

3
:(5-363—5.060)—5610

=15¢3 —0—5(e? — ) = 10e* + 5

= 5zxe”

3
Thus / 5ze” dr = 10e3 + 5 ~ 205.8554.
0

Find /f(x) dx, where f'(z) = 1+ 22. Your answer should involve f(z).
Hint: Use integration by parts.

Solution: The hint is to use integration by parts. Since we don’t really know how to integrate
f(x) directly (we don’t even have an algebraic expression for f(z)), the natural choice is
u= f(x) and dv = dz. Then du = f'(z) dv = V1 + 22 dz and v = z, so

[t@ i —uwv= [vau=s@)-a- [z Vi da

We can compute this new integral using the simple substitution u = 1+ 22, so du = 2z dz and
dx = % and

1 1 2 1
/ac\/1+x2dx:/m\/ﬂ';lu:2/u1/2du:2'3u3/2+K:3(1+x2)3/2+K.
x

Thus /f(ac) dx =z f(x) — %(1 + 2232 4 C.
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Let f(z) be the function shown in the graph below. In each case, determine if the given definite
integral is positive, negative, or zero. Explain your reasoning.

(a)

A

/_j f(z) dz

Solution: This integral is negative. This definite integral represents the horizontally shaded
area, above. This area is entirely below the z-axis, so it has area that is counted negatively by
the integral. Since the integral is only seeing “negative” area, the definite integral is negative.

/jf(:t) dx

Solution: This integral is positive. This definite integral represents the vertically shaded area,
above. This area is partly below the z-axis (from z = 2 to = 3) but mostly above the z-axis
(from z = 3 to x = 6). Thus a small part of the area is counted negatively, but the larger part
of the area is counted positively by the integral. Thus the definite integral is positive.

/jf(:n) dx

Solution: This integral is zero. This is simply a property of integrals: if the upper and lower
limits are the same, the integral is zero. In terms of area, this is the area under x = 2. But
this area has no width, so it has zero area.

Put another way, if F'(x) is an anti-derivative of f(x), then the given definite integral is
F()—F(a)=F(2)—F(2)=0.

Suppose that a continuous function f(z) has average value equal to 3 over the interval [—4,7]. Find

/_Zf(:):) da.

Solution: Recall that the average value of a continuous function f(x) over an interval a <z <b is

1 b
Ave. = b—a/a f(x) dx.

Here we're given that the average is 3 and that b —a =7 — (—4) = 11, so the above formula can be
re-written as

1 7 7
3:11/4f(x)da: or /f(a;)da::3‘11:33.

4

Thus /7 f(z) dz = 33.
—4
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Write down an integral (or integrals) that represents the area of the region bounded by the graphs
of f(z) =+v3—=, g(x) = —v/3 —z, and h(z) = z + 3. You do not need to evaluate the integral(s)!
For your convenience, the graphs of these functions are shown below:

1 y = h(z)

Solution: To find the required area, we need to find where the curves cross. These points of
intersection are found by setting the equations of the curves equal to each other:

r+3=+v3—=x.

We solve for these points by squaring both sides, then putting everything on one side:
(m+3)2:(i\/3—x)2 or 2’4+ 6r+9=3-=z

This simplifies to 22 + 7z + 6 = 0, which factors into (z + 6)(z + 1) = 0. Thus the curves intersect
at * = —6 (the point (x,y) = (—6,—3) is where h(x) = x + 3 and g(z) = —v/3 — x cross) and
x = —1 (the point (z,y) = (—1,2) is where h(z) = x4+ 3 and f(x) = /3 — x meet). The two curves
f(z) =+v3—z and g(z) = —v/3 — z also meet at (z,y) = (3,0).

The area bounded by these three curves therefore has g(z) = —+/3 — x as the bottom curve for the
entire region. The top curve is h(z) = z + 3 from z = —6 to x = —1, and f(z) = V3 —x from
x = —1 to x = —6. Thus the total area requested is

3

-1
Area= [ (h(o) ~ gla)) do+ [ (7o)~ gla)) do

6 -1
3

:/__1 (@ +3)— (—v3—2)] dw+/ [(V3=2) = (-V3-2)] dz

6 -1

:/__1 (z+3+V3—2) dx—i—/jQ\/mdx-

6
We were not asked to find this area, but if you did you’d find it was %5 ~ 20.8333.
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Let g(x) be the graph shown below. Some specific values of g(x) are shown in the tables to the right.

z | g(x) x| g(x)
0 1 1.25 | 0.40
0.25 | 0.95 15 | 0.30
0.5 | 0.80 1.75 | 0.25
0.75 | 0.65 2 | 0.20
1 | 050

(a)

2
Approximate the definite integral / g(x) dx by partitioning the interval [0,2] into four

0
subintervals of equal length and choosing u as the right endpoint of each subinterval.

Solution: The requested approximation is the one that breaks up the interval [0, 2] into n = 4

rectangles, each of width Ax = bfT“ = % = 0.5. These four rectangles are drawn on the

graph, above, and they have width Az = 0.5 and height ¢(0.5) through g(2) (see the label for
9(0.5) on the curve). Thus we approximate the integral (the area under the curve) with the
area of these four rectangles:

Area = Az - g(0.5) + Az - g(1) + Az - g(1.5) + Az - g(2)
= Az - (9(0.5) + g(1) + g(1.5) + g(2))
— 0.5 (0.80 + 0.50 + 0.30 + 0.20)
= 0.90.

2
This is our approximation: / g(z) dz =~ 0.90.
0

Will your estimate be greater than, less than, or equal to the exact area under the curve?
Explain how you know this without knowing the actual value of the integral.

Solution: The estimate is less than the actual area, as is made clear by the boxes drawn above.
The estimate is the area of the boxes which excludes some of the area underneath the curve.
This happens because the function is decreasing on the interval [0, 2], so the right endpoint of
each subinterval is the lowest the curve gets on that subinterval.
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@ The graph below shows the demand curve p = D(z) and the supply curve p = S(x) for IOMATH
t-shirts. Clearly shade in the region whose area is the consumer’s surplus (CS).

Solution:

pA

In 2004 the population of Ljubljana (the capital of Slovenia) was 265,000. Census data predicts

the population will continue to grow at a rate of 100 + 2/3 people per year, where t represents the
number of years elapsed since 2004. Predict the size of Ljubljana’s population in 2010.

Solution: If we let P(t) be the population of Ljubljana t years after 2004, then we're told two
things: P’(t) = 100 + t2/3 people per year and P(0) = 265,000. We're asked for P(6), since 2010 is
t = 6 years after 2004.

We find P(t) by integrating P’(t). That is,

1 3
P(t) = /P’(t) dt = / (100 + t2/3) dt = 100t + %tf’/?’ K =100t + 7% 4 K.
We find K by plugging in the initial condition: P(0) = 100-0—}-%05/34—}( = 265,000, so K = 265, 000.
Thus the population model is P(t) = 100t + %t5/3 + 265,000, so in 2010 the population of Ljubljana

will be 3
P(6) =100(6) + 5(6)5/3 -+ 265,000 =~ 265, 611.8869,

or about 265,612 people.



