
Math 126 Applications of Probability & Expected Values Spring, 2008

1 (Car Rentals or Maximizing Profit) Suppose a car rental agency rents cars for $24 per day. The cars
cost the agency $9 per day. Thus the daily profit or loss per car is{

$15 profit if car is rented
$9 loss if car is NOT rented

Suppose that the agency has records that indicate a typical day has 10 to 14 customers, with probabilities
according to the following table:

Number of Customers 10 11 12 13 14

Probability 0.1 0.2 0.25 0.3 0.15

How many cars should the agency have on hand in order to maximize their profits?

2 (Quality Control) We’re going to test small electrical components. Suppose p = 95% of the components
pass the test. The problem is: testing costs money. The solution is that we can test in series. For example,
we can test two at a time:
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Of course, if the series fails, we need to test both. So the expected number of tests for two components is now

1 · P ( both pass ) + 3 · P ( one or both fail ) = 1 · p2 + 3 · (1 − p2) = 3− 2p2

or

Expected number of tests per component =
3− 2p2

2
=

3
2
− p2.

As long as p2 is bigger than 1
2 , this is now less than 1 – we’ve saved some testing!

Will we save more if we test three components in series? How many components should we test at once in
order to minimize the number of tests per component?

3 (Error Correcting Codes) In the transmission of data through across the internet (or, say, an unreliable
transmission method), messages can be corrupted through noise or faults, for example:

1 0 1 0 ; 0 0 1 0
Sent Received

The trick is that we not only want to be able to see that there is a fault (we could detect it by, say, repeating
the message), we also want to be able to determine the correct message.

Hamming (7, 4) Code (See Wikipedia for a reasonable discussion.) This is a code (introduced by Hamming
in 1950) that will encode 4 bits (a bit is either 0 or 1) in 7 bits. For example,

1 0 1 0
a b c d

encodes as
1 0 1 1 0 1 0
p p a p b c d

Here the bits labeled “p” are parity bits. For example, the first one is the parity of a + b + d: it is 0 if a + b + d
is even and 1 if a + b + d is odd. (The second p is the parity of a + c + d and the third, in the fourth position,
is the parity of b + c + d.)

This code will relay the proper message if the 7 bits have either no error or one error. If the probability that
a bit is transmitted correctly is p = 99%, find the probability that we can receive a properly encoded message
without error.
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1 We create a table summarizing the expected profit for 10, 11, 12, 13, and 14 cars. This table is:

Number of Cars 10 11 12 13 14

Expected Profit $150.00 $162.60 $170.40 $172.20 $166.80

Thus, to maximize profit, we should have 13 cars on hand.

Here’s the computation for 12 cars: We rent 10 cars with a probability of 0.1, 11 cars with a probability of
0.2, and 12 cars with a probability of 0.25 + 0.3 + 0.15 = 0.7. When we rent 10 cars, we have a profit of
10× $15 = $150 plus a loss of 2× $9 = $18 (for the two un-rented cars). Thus, with probability 0.1, we have a
profit of $150 − $18 = $132. That is, we’ve made the following chart:

Number of Customers 10 11 12 13 14

Number of Cars Rented 10 11 12

Profit $132 $156 $180

Probability 0.1 0.2 0.25 + 0.3 + 0.15 = 0.70

Continuing on, we get an expected profit of

(0.10)($132) + (0.2)($156) + (0.70)($180) = $170.40

when we have 12 cars available. The other computations are similar.

2 As an example, we could test five at once:
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Then the expected number of tests per component is

1 · P ( all pass ) + 6 · P ( at least one fails )
5

=
1 · p5 + 6 · (1− p5)

5
=

6
5
− p5

In general, the formula becomes (for n components in series)

1 · P ( all pass ) + (1 + n) · P ( at least one fails )
n

=
1 · pn + (n + 1) · (1− p5)

5
=

n + 1
n

− pn

or 1 +
1
n
− pn tests per component. (The book looks at this as saving pn − 1

n
tests per component, which is

equivalent.)

Let’s make a table for p = 0.95 of the Number of Tests per Component. This is shown in Table 1. From this
table we can see that testing n = 5 components at a time will minimize the number of tests per component.

3 We can think of this as a Bernoulli trial if we assume that the transmission of each bit is an independent
trial with probability of success p. The 7-bit code is successfully transmitted if at least 6 bits make it through
without error. This has a probability of

b(7, 7; p) + b(7, 6; p) =
(

7
7

)
p7 +

(
7
6

)
p6q1 = (0.99)7 + 7(0.99)6(0.01) = 0.99796895836506

or 99.796895836506%. (Compare this to the probability that 4 bits get through successfully: b(4, 4; .99) =
96.059601%.)



Number of
Number of Tests Per Component

Components per Test
p = 0.95

n 1 + 1
n − pn

2 0.59750

3 0.47596

4 0.43549

5 0.42622

6 0.43157

7 0.44452

8 0.46158

Table 1: Testing Components For Problem 2


